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Recently we obtained a sharpening of the Carlitz Uchiyama bound in charac- 
teristic two using Serre’s improvement on Weil’s estimate of the number of rational 
points on an algebraic curve over a finite held. In this paper we derive an improve- 
ment on a theorem of Bombieri and Weil. This has important applications in the 
theory of codes; for instance we obtain immediate results concerning the minimum 
distance of the dual of an arbitrary geometric Goppa code and the minimum 
distance of reversible BCH codes of length 2” + 1. I’ 1992 Academx Press, Inc. 
1. INTRODUCTION 
It has been known for some time that Weil’s bound for the number of 
rational points on an algebraic curve over a finite field is not shap and that 
Serre [l] obtained an improvement of this bound, This was used to 
sharpen the Carlitz Uchiyama bound in characteristic two (see [lo]) and 
in this paper we derive from Serre’s estimate an improvement of a theorem 
of Bombieri and Weil. This bound has important applications in the theory 
of codes; for instance, we obtain immediate results concerning the mini- 
mum distance of the dual of an arbitrary geometric Goppa code and the 
minimum distance of reversible BCH codes of length 2” + 1. 
2. THEOREM OF BOMBIERI AND WEIL 
Bombieri in [S] has extended the theory given by Weil [3] for exponen- 
tial sums defined over the projective line to sums defined over arbitrary 
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algebraic curves. His results include a convenient estimate for the degree of 
the L-function associated to the relevant exponential sums (see Theorem 3 
below). 
Let IF = IF,,, be the finite field of p’ elements. Let CO be a complete non- 
singular curve of genus g defined over (F so that its field of functions IF(C,) 
can be realized as an algebraic extension of the pure transcendental exten- 
sion [F(x) with exact field of constant IF. Let E(C,) be the function field of 
CO considered over the algebraic closure r of IF. Let R(x) be a rational 
function in 1F(C,) satisfying the condition 
R(x) $ h(x)” - h(x) for h(x) E l7( C,). 03) 
If P is a point on the curve C,, we denote by R(P) the value of R(x) at 
P; this is an element of the residue class held IF,= [F,(C,). Let C,(E,) be 
the rational points of CO defined over the extension [F, of IF of degree m 
and let cr: [F, -P IF, be the relative trace from [F, to [F,. We define the 
exponential sum 
ym(R Co)= 1 $(aNP))t $(t) = expPWp), 
PECO(F,)- {poles] 
where the sum 1 is restricted to those points P in C,(F,) which are not 
poles of R(x). This type of exponential sum is related to the trace of 
Frobenius acting on a subspace of the l-adic cohomology group of a 
certain Artin-Schreier covering of CO which we now describe in greater 
detail. 
Let C* be the curve defined by the equation 
C* : yp - y = R(x). 
This a Galois covering n: C* + C,, with Galois group H/p?? acting on C* 
by means of the substitution y ~1’ + g. If C denotes the normalization of 
C*, then the map C + C* gives the Artin-Schreier covering 
associated with the rational function R(x). 
In the following we let (R),= be the divisor of poles of R(x) on CO and 
write 
where Pi are points on C, and the di are the multiplicity of the pole of R(x) 
at Pi. The following is essentially the result of Bombieri-Weil. 
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THEOREM [S, p.941. With notations as above, we have 
I Ym(R, Co)1 d (2g- 2 + t + deg(R),, )q”“. 
Moreover the above inequality cannot be improved if (d;, p) = 1 for all 
i = 1, . ..) t. 
3. STATEMENT OF RESULTS 
Our improvement of Bombieri’s estimate is based on the following result 
of Serre. Let C be a projective smooth absolutely irreducible curve over the 
finite field IF,, q =pp. Let g = g(C) be the genus of C and N= N(C) the 
number of its rational points (over lFy). Let [x] denote the integral part of 
the real number x. 
THEOREM (Serre [ 11). With notations as above, we have 
IN- (q+ 1)16g[2q”2]. (*I 
Our main result is an application of the estimate (*) to Artin-Schreier 
coverings. Since the most significant applications are in characteristic 2, we 
state and prove the results in this case. Later we indicate the modifications 
which are necessary in arbitrary characteristic. 
MAIN THEOREM. Let R(x) be a non-constant rational function on the 
complete non-singular curve CO with genus g(C,) defined over the field iF of 
characteristic two. Suppose R(x) satisfies the condition 
R(x) $ Hi + H(x) + c1 for any H in the function field IF(C,) 
ofC,,andcriniF, (B) 
so that the curve 
C: y2 + y = R(x) 
defines an Artin-Schreier covering of Co of degree two. 
Let (F, be the extension of [F of degree m and a: [F, + [F, be the trace 
function. Then, if q is the cardinality of F, 
c (-1) o(R’P” <(g(C)-g(C,))[2~1. 
PEC~(F)-{pOleS} 
Furthermore, if t denotes the number of distinct poles of R in F, then 
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Remark. Observe that the difference of the genera of the curves C and 
C,, is exactly one-half the conductor of the Artin-Schreier covering and for 
it we have the bounds obtained by Bombieri [S] in terms of the poles of 
the function R(x). In particular, when C, is the projective line and R(x) is 
an ordinary rational function, i.e., a quotient of two polynomials, we have 
obtained bounds for the conductor in terms of the polar divisor of R(x), 
P, 91. 
It should be observed that in characteristic p we have 
MC) - 2) - (&(C,) - 2) = (P - 1) deg@), 
where deg(D) is the degree of the conductor of the Artin-Schreier extension 
[F(C) over [F( C,). Observe that in Deligne [ 18, p. 1911, an apparently more 
general exponential sum is considered by allowing poles in the sum where 
the covering is not ramified; the estimates obtained are, in view of the well 
known theory of Artin-Schreier extensions (Artin [ 19, p. 2041; Moreno [7, 
Sect. 4.6.2, Part II]), equivalent to those proved by Bombieri. 
4. PROOF OF THE MAIN THEOREM 
We shall use several well known facts from the theory of L-functions of 
function fields of algebraic curves over finite fields (Weil [4, Sect. 41, 
Bombieri [S], Moreno [7, Chap. IV]). Below we state without proof those 
results that are needed. We fix once and for all a finite field IF = IF,, of 
characteristic 2. Let Co be a complete non-singular curve of genus g defined 
over [F so that its field of functions QC,) can be realized as an algebraic 
extension of the pure transcendental extension E(x) with exact field of 
constants 5. Let R(x) be a rational function satisfying the condition 
R(x) S H(x)’ + H(x) + a for H(x) E IF(C,), a cs F. (B) 
If P is a point on the curve Co, which is not a pole of R, we denote by 
R(P) the value of R(x) at P; this is an element of the residue class field 
[F,= IF,(&). Let C,(IF,,) be the rational points of Co defined over the 
extension [F, of IF of degree m and let c: [F, + IF* be the relative trace from 
F, to [F,. We define the exponential sum 
y,(R Co) = 1 C-1) 2 o(R(P)) 
PE Co(%,) - {poles} 
where the sum is restricted to those points P in CJlF,) which are not 
poles of R(x). This type of exponential sum is related, by means of the 
Grothendieck-Lefschetz trace formula, to the trace of Frobenius acting on 
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a subspace of the I-adic sheaf associated with an Artin-Schreier covering of 
C, which we now describe in greater detail. Let C* be the curve defined by 
the equation 
C* :v’+y=R(x); 
the assumption on R(x) implies C* is absolutely irreducible (see [2]) and 
then we have a nontrivial Galois covering TC: C* + C,, with Galois group 
IF, acting on C* by means of the substitution h: JJ + y-t h. Let C be the 
normalization of C*; by composing the birational map C-+ C* with the 
covering map rr we obtain the Artin-Schreier map 
which is of degree 2. Since Gal(C/Co) is of order 2 there is only one 
non-trivial character whose value at 
given by 
VP) = ( 
Let Z(C, t) denote the zeta function 
a closed point P on C, of degree 1 is 
uI(R(P)l -1) . 
of C over [F, and let L(C, Y, t) be the 
Artin L-function of the covering np: C -+ C, associated with the non-trivial 
character Y. Recall that the zeta function of C, is given by 
UC, y, f) 
z(co’f)=(l-q(l-qq. 
We also know from the arithmetic of quadratic extensions that 
Z(C, t) ----=L(C, Y, t) 
Z(Cot t) 
(*) 
(Bombieri [5, p. 95, Eq. (93)]). Let (a,, . . . . a,} be the reciprocal roots 
of L(C, Y, t). The sum of the cl?, i= 1, . . . . s, is equal to the sum of the 
character Y evaluated at the Frobenius elements corresponding to the 
points on Co of degree 1 over [F, more precisely 
c (-1) -(PLa’ln+ . . .+q (**) 
PECO(Fm)- (poles] 
(see Weil [3, p. 203, Eq. (3)]). 
Observe that deg Z( C, t) - deg Z(Co, t) = d is an even number, say 
d= 2d’. The L-function of the Artin-Schreier covering is the characteristic 
polynomial of the Frobenius endomorphism acting on the complementary 
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abelian sub-variety J’ of Jac(C) with respect to Jac(C,). The dimension of 
J’ is d’. We now apply the result of Serre [ 1, Eq. (4), p. 3971 to the abelian 
variety J’ and to the Frobenius endomorphism Frob to obtain 
]Tr(Frob)l Q d’[2 &I. 
Since d’ is one-half the conductor of the Artin-Schreier covering we obtain 
d’ = genus(C) - genus( C,). 
A derivation of the estimate 
2d’62g-2+t+deg(R), 
is given in [S] or [S, p. 96, Theorem 2, Sect. 21. We now include a special 
case of our main result, when C, is the projective line. As it is used in the 
following sections, we will describe it in detail. 
COROLLARY. Let R(x) =f(x)/G(x) b e a rational function with coef- 
ficients in ff = [F,, satisfying R(x) $ H(x)* + H(x) + c( for any rational 
function H(x) with coefficients in F and any a E F. Let F, be the extension 
of F for degree m and 0’: F, + F, be the tree function. Then if q = 1 IFI, 
c l-1) 
o(RlP)) <g[2q"/2], 
PEl[F”,)-/poles; 
where {poles} are the zeroes of G(x) in F,,, and denoting by s the number 
of distinct roots of G in F, then g is given 611 
2g % max(deg f, deg G) + s* - 2 
and s* = s when deg f d deg G, s* = s + 1 otherwise. 
Remark. Whenever the degree off(x) < degree G(x) in the above R(x), 
then it is sufficient to check R(x) & H(x)* + H(x). In other words, any 
possible solution would have a = 0, as can be seen from Lemma 1 of [8] 
or by direct computation. 
5. THE CHARACTERISTIC p# 2 CASE 
In this case the value of the exponential sum is an algebraic integer in 
a cyclotomic extension and the etimate will now be for the trace of this 
integer. We now indicate briefly the notational changes needed in this case. 
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As in Sect. 2 we consider the exponential sum 
yrn(R Co) = 1 $(aNf’)), $(t ) = exp (Zrcit/p). 
PtC‘o(F,n)- /poles: 
This sum is in general an algebraic integer in the cyclotomic extension 
K = Q([,) (where {,, = e2”‘lP and Q is the rational field). The main result is 
/TraceK,Q FY,(R, Co)1 <(p- 1)/2(2g-2+ t+deg(R)T,).[2q’“‘2]. 
For the proof of this estimate we follow essentially the idea behind the 
proof of Serre’s estimate which is based on the fact that the zeta function 
of a curve has as numerator a polynomial with integer coefficient and even 
degree (= 2 genus) and its reciprocal roots can be grouped in conjugate 
pairs. More precisely, if c1r, . . . . rxgr a,, . . . . clg are the reciprical roots and if we 
Put 
xi = m + 1 + u, + cCi, i = 1, 2, . . . . g, m = [Zq”*]. 
Then, since the xi>0 and their product is an integer, we have 
IIn 
l/gixi2 fixi 21. 
i=2 ( > ,=I 
Equivalently we have 
g(m+ I)+ i (“i+cci)>,g, 
i=l 
which yields 
gm 3 - i (crj+ ai). 
i= I 
To use this estimate we recall the well known decomposition of the 
L-function of the Artin-Schreier covering (Bombieri [S, p. 951): 
c: yp - y =f(x), fE ~,(Gl)~ 
Z(C ~YZ(G, r) = QUC,, $9 Eq). D E Gal(K/Q) 
Since the right hand side is a polynomial in Z[t] of even degree 
(P - 1). deg UG, ti, E,) 
= (p - 1 )(conductor of the Artin-Schreier covering), 
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we obtain, by applying Serre’s theorem simultaneously to Z(C,, t) and the 
product of L-functions, 
Observe that the sum on the left is simply the trace of the algebraic number 
$,(R Co). 
6. APPLICATIONS TO CODING THEORY 
A. Classical Goppa Codes 
Denote by T(L, G) the binary Goppa code with polynomial G(x) of 
degree r with coefficients in lF = [F2+ the finite field of 2” elements, and let 
L=F--Z, where Z= {z,, . . . . zk} is the set of zeros of G(x) in [F. Assume 
further that the zeros of G(x) in an algebraic closure of [F are all distinct. 
In [S] the following theorem and corollary were proven: 
THEOREM 1. The minimum distance of T(L, G)*, the dual code of 
T(L, G), is at least 2”- 1 - ((k - 1)/2) - (t - 1)2”/‘, where k is the number 
of zeros of G(z) in [F. 
COROLLARY. If G(x) has no roots in IF, then the minimum distance of 
T(L,G)* is at feast 2”-‘+i--(t-1)2”/*. 
In the proof of Theorem 1 we used the following result from [S], 
restricted to characteristic 2. 
THEOREM 2. Let [F = IF,,. Let R(x) =F(x)/G(x) be a quotient of two 
polynomials with coefficients in [F and deg F< deg G. Let G(x) have distinct 
zeros in the algebraic closure F of [F. If tj denotes a non-trivial additive 
character of [F, then we have 
/ 1 + 1 @(R(x)) I< (2 deg G - 2)q”*, 
rs[F 
where C runs over XE IF which are not zeros of G(x). 
From MacWilliams and Sloane [6] we need the following results which 
we quote without proof. They are originally due to Delsarte [29]. 
We define the generalized Reed-Solomon code as 
GRS,(CG Y)= {(ylF(~,), . . . . y,F(cr,)).:F(x)~[FCxl,degF<rl, 
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where CI= {a,, . . . . c(,,j is a fixed set of distinct elements in IF and 
,L’ = ( y , , . . . . JJ,~~ is a fixed set of n elements in [F. 
For C a code over [F,,,, cr(C) denotes that code over [F2 whose elements 
are obtained from code words of C by taking the trace from [F?“, down to 
[Fz componentwise. 
THEOREM 3 ( McWilliams and Sloane [6, p. 3411). The duul qf u Goppa 
code is given by 
UL, G)* = dGRS,(a, Y)), 
where yi = G(a,)-’ and t = deg G. 
Using our new bound for the projective line as given in the corollary of 
Sect. 4, we can improve the bound of Theorem 1; furthermore we can prove 
this for a completely arbitrary Goppa polynomial G(X). Note that we can 
take G(x) arbitrary since the conditions on the rational function 
R(x)=f(x)/G(x) on our theorem of Sect. 4 are weaker than those of 
Bombieri’s theorem of Sect. 2. Previously the solution H(x) had coefficients 
in F, the algebraic closure of [F. The point is that using the remark under 
the corollary of Sect. 4 will give us that any exceptional R(x) will induce 
the zero vector under the trace operation. We have the following theorem. 
THEOREM 4. For an arbitrary Goppa polynomial G(x), the minimum 
distance of IJL, G), the dual code of the Goppa code T(L, G), is at least 
2”-‘-(k-1)/2-((degG-2+~)[2”/~+‘])/4, 
where s is the number of distinct roots of G in F, and k is the number of 
distinct roots of G in IF. 
Proof of Theorem 4. According to the above we have 
r(L G)* = {(@‘~a,)lG(a,)), . . . . Wta,)/G(a,)) : 
F(x) E %[x], deg F< t}. 
Consider the additive character +(@) = ( - l)“‘e1 defined for B in ff. If we 
now consider an arbitrary polynomial F of degree <t, then using our 
corollary in Sect. 4 we obtain 
l+ c ~(F(~)/G(~))~b((degC2+sj[2~~~+‘1)/2 
x E L 
an note that L is precisely F-Z, where Z is the set of zeros of G(x) 
in ff. We observe now that if x= (x,, . . . . X,)E T(L, G)* then 
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x = (o(f’(a, )/G(a, )I, -., cr(F(a,)/G(cc,))) and hence the weight w  of x and 
the number z of zero components of x have the property z + w  = n and 
.yTL $(F(x)/G(x)) = z - w  = n - 2w. 
Therefore 
and 
1 +n-2~d((degG-2+s)[2”‘~+‘])/2 
w>n/2+ l/2-((deg G-2+s)[2”“+‘])/4. 
These inequalities yield that the minimum distance is at least 
This proves Theorem 4. 
COROLLARY 1. The dual of the primitive t error correcting BCH code of 
length 2” - 1 has minimum distance at least 
2,-1-(t-l)[242+q/2. 
Prooj It is well known (see [13, 14, 61) that the t error correcting 
BCH code can be realized as the Goppa code with Goppa polynomial 
G(x) = .? ‘. Now apply the theorem. 
This is an improvement over a result first obtained by Anderson (see [6, 
p. 2811). Corollary 1 can also be obtained using the improvement of the 
Carlitz Uchiyama bound obtained in [lo]. 
THEOREM 5. For an arbitrary Goppa polynomial the minimum distance of 
( f(L, G))*, the dual of the extended Goppa code, is at least 
2’“4-k-l --((degG-2+s)[2”/2f’])/4, 
2 
where s is the number of distinct roots of G in F, and k is the number of 
distinct roots of G in IF. 
ProoJ If H is the parity check matrix for the Goppa code then 
1 l...l 
0 
H ; 
0 
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is the parity check matrix for the extended code. The dual of (p(t, G)) will 
have this matrix as a generating matrix and the dual of T(L, G) will 
correspondingly have H. Then if we call d the minimum distance of 
T(L, G)* and dl the minimum number of zeros in a codeword it is clear 
that the minimum distance of (f(L, G))* is Min(d, 1 + d,). If we proceed as 
in the theorem it is clear that 
1 -n+2d,a -((degG-2+s)[2”“+‘])/2 
and then l+d,>2’+’ -(k-1)/2-((degG-2+~)[2”‘~+‘])/4 and this 
proves the result. 
In [12] was found that certain Goppa codes when extended become 
cyclic (see also [6]). Actually it was found that extending the code with 
Goppa polynomial G(x) = (Q(x))“-‘, where Q(x) is an irreducible 
quadratic over lF,,, will give us a BCH code of length 2” + 1 and minimum 
distance at least 4t + 2. Their rate (see [ll]) is (2m+ 1 -2tm)/(2” + 1) 
(when t is not large) and this is slightly better than the corresponding rate 
for the primitive BCH code, with length 2” - 1, distance at least (4t + 1). 
The BCH code has rate (2” - 1 - 2tm)/(2” - 1) (t also in a similar range). 
We will see now how we can prove for this codes a bound for the minimum 
distance of the dual code similar to that for primitive BCH codes. 
We are ready for the following corollary to Theorem 5. 
COROLLARY la. Consider the BCH code with zeros 1, c(, u2, . . . . c? ’ and 
length 2” + 1 for u of order precisely 2” + 1. Then the minimum distance of 
the dual code is at least 
2+’ + l/2- (2t - 1)[2”‘2+‘]/2 
Proof As we have noted, this BCH code (see [ 12, 61) can be seen as 
the extended Goppa code with G(x)= (Q(x))“- ‘. Therefore from 
Theorem 5 we obtain the corollary. 
In [lS] the case where G(x)= (Q(x))*‘-’ and Q(x) was a reducible 
quadratic was considered. It was found that the extended Goppa code gives 
a reversible cyclic code of length 2” - 1. Therefore we obtain the following 
corollary. 
COROLLARY 2. Consider the reversible cyclic code with zeros u-(“-“, 
,.-Q-2) ) . ..) u -I, 1, cx, a’, . . . . azfp’ and length 2” - 1 for a of order 2” - 1. 
Then the minimum distance is at least 
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The results of Corollaries la and 2, for the case t = 1, were recently 
found by Lachaud and Wolfmann (see [16]). Actually they do more since 
they find all the possible weights. The ideas of Lachaud and Wolfmann 
appear to be closely connected with the theory of modular curves in 
characteristic p and the theory of elliptic curves with complex multiplica- 
tions. We expect that a further development of these ideas will throw light 
on the problem of weight distribution of modular geometric codes. 
B. Geometric Goppa Codes 
Let (Pi, i = 1, 2, . . . . rz} be the rational points of Co. We know that n can 
be estimated by Weil’s bound: 
In - (2” + 1)1 Q 2g2? 
Let D=P,+P,+ . . . + P, be the divisor of the rational points of C,, over 
F. Let G = C mQ Q (Me > 0) be a divisor on Co whose support is disjoint 
from that of D. Also, this divisor should be closed under the Frobenius 
transformation. This means that for any Q in G the conjuates of Q are also 
in G; for example, this is true if G consists of rational points. As in previous 
sections let F( C,) be the function field of C,,. Then consider the set L(G) 
consisting of all the rational functionsf(x) in F(C,) such that the order of 
fat each Q of G is > -mQ. It is well known that L(G) is a vector space 
and therefore there is a basis {f,, . . . . fr} for it, where fie F(C,). 
Then the geometric Goppa code C*(D, G) is the code with parity check 
matrix: 
fl(P,) fi(P2) ... fl(PJ 
H= f2(Pl) f2(P*) ... f2Vn) [I :I frk, fr(P2) ... f&J 
If we assume that Zg- 2 cdeg G <n then it is well known that 
r=degG-g+l, wheredegG=C,mo. 
Recall that the binary subfield subcode of C*(D, G), which we denote 
C:(D, G), consists of all x = (xi) E F; such that Hx’ = 0. Geometric Goppa 
codes were introduced by Goppa (see [20-221) and in [23] certain 
geometric codes were shown to exist with the property of asymptotically 
exceeding the Gilbert-Varshamov bound. 
In [9] Bombieri was used to estimate the minimum distance of the dual 
code to C,*(D, G), for the spatial case of G where mQ = 1 for all Q. We will 
use our improvements in the present paper to improve the bound and 
prove for an arbitrary G as defined above. 
In order to give our proof we need some background information. First 
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the theorem of Delsarte (previously quoted) can be said to include the 
following generalization: 
THEOREM 6. The dual of a binary geometric Goppa code is given by 
C,*(D, G)’ = cr( C( D, G)), where u is the trace function from F to IF,, 
C(D, G) is the dual code to C*(D, G), and 
dC(D, G))= {(af(P,), af(P,), af(P,), . . . . af(P,)) :fWG)} 
In [9] we obtained the following result. 
THEOREM 7. The minimum distance of C:(D, G)‘, the dual of the binary 
geometric Goppa code for G = C mQQ and mQ = 1, is at least 
n-(2degG+2g-2)2”12 
2 
We will now generalize this theorem as follows. 
THEOREM 8. The minimum distance of C:(D, G)‘, the dual of the binary 
geometric Goppa code for G = C maQ with mp > 0 and t the number of 
distinct Q in the divisor G, is at least 
n/2-((degG+t+2g-2)[2”‘2+‘])/4. 
Proof. Let x 5 C:(D, G)‘; then x= (crf(P,), . . . . af(P,)) and if fEL(G) 
and f is not an exception to our main result, then the weight w  of x and 
the number of zero components z have the property z + w  = n and 
ig, (-1) 
a(w) = z - w  = n - zw, 
Therefore 
and 
w>,n/2-((degG+t+2g-2)[2”“+‘])/4. 
This proves the result, if we note that if f were an exception to our main 
result then x would be the 0 or 1 vector. 
C. The Case of General Characteristic 
We now consider geometric Goppa codes for a general characteristic p. 
Using first the trace bound previously obtained and proceeding in a 
manner analogous to that in the previous section we obtain the following. 
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THEOREM 9. The minimum distance of C,*(D, G)‘, the dual of the sub- 
field subcode over IF, of the geometric Goppa code (for general characteristic 
p), and for G =C mpQ with mQ > 0 and t the number of distinct Q in the 
divisor G, is at least 
(P- l/p)(n)-((degG+t+2g-2)C2~“‘~1)((~- 1)WP). 
In [27, 281, Prof. G. Lachaud has found a similar theorem, but in his 
case he assumes that the divisor G consists of points rational over the 
ground field. His theorem then concludes as follows. 
THEOREM 10. The weight w of any word of CL satisjks w  = 0, w  = n, or 
Iw-(p- lYp(n)l <(p- 1)/2p(2g-2+degG+k)[2Q1/2] 
+ (P- lMP)k. 
In this theorem k corresponds to our t but as pointed out in his case all 
of those t points are in the ground held. Also, Q corresponds top*. 
It must be mentioned that Theorem 10, for the binary case, was obtained 
independently. On the other hand, Prof. Lachaud was the first to observe 
the fact that it holds for a general p # 2. 
From the point of view of the applications it must be observed that our 
formula gives a bigger distance by ((p - l)/(p))(k), and this is ak/2. If k 
is large this means that we have found that the error correcting capacity of 
the code will be significantly larger, which is a useful fact. 
REFERENCES 
1. J. P. SERRE, Sur le nombre des points rationnels d’une courbe algebrique sur un corps fini, 
C.R. Acad. Sci. Paris Ser. I2% (1983) 39142. 
2. L. CARLITZ AND S. UCHIYAMA, Bounds for exponential sums, Duke Math. J. 24 (1957), 
3741. 
3. A. WEIL, On some exponential sums, Proc. Null. Acad. Sci. 34 (1948), 204-207. 
4. A. WEIL, “Courbes algebriques et varietes abehennes,” Herman, Paris, 1971. 
5. E. BOMBIERI, On exponential sums in finite fields, Amer. J. Math. 88 (1966), 71-105. 
6. F. J. MACWILLIAMS AND N. J. A. SLOANE, “The Theory of Error Correcting Codes,” 
North-Holland, Amsterdam, 1977. 
7. C. J. MORENO, Algebraic curves over finite tields, in “Tracts in Mathematics,” No. 97, 
Cambridge Univ. Press, Cambridge, England, 1991. 
8. C. J. MORENO AND 0. MORENO, Exponential sums and Goppa codes: I, Proc. AMS 111 
(1991), 523-531. 
9. C. J. MORENO AND 0. MORENO, Exponential sums and Goppa codes: II, IEEE Trans. 
Inform. Theory, Sept. 1992. 
10. S. LITSIN, C. J. MORENO, AND 0. MORENO, Divisibility properties and new bounds for 
exponential sums in one and several variables, submitted for publication, 
46 MORENO AND MORENO 
11. ALBERTO CACERE.S AND 0. MORENO, On the number of information symbols of extended 
cyclic Goppa codes of length 2” + I, in “Proc. of Allerton Conf.,” pp. 5533558, 1984. 
12. ELWEYN R. BERLEKAMP AND 0. MORENO, Extended double-error-correcting binary Goppa 
codes are cyclic, IEEE Trans. Inform. Theory IT-19 (1973). 817-818. 
13. V. D. GOPPA. A new class of linear error-correcting codes, Pobl. Peredach Inform. 6 (3) 
(1970), 2430. 
14. V. D. GOPPA, Rational representation of codes and (L, g) codes, Pobl. Peredach. Icform. 
7 (3) (1971) 4149. 
15. K. K. TZENG AND K. P. ZIMMERMANN, On extending goppa codes to cyclic codes, IEEE 
Trans. Inform. Theory 21 (1975) 712-716. 
16. G. LACHAUD AND J. WOLFMANN, The weights of the orthogonals of the extended 
quadratic binary Goppa codes, Trans. Inform. Theory, in press. 
17. J. P. SERRE, “Majorations de sommes exponentielles,” Asterisque, Vols. 4142, pp. 11 l-126, 
1977. 
18. P. DELIGNE, “Applications de la formule des traces aux sommes trigonometriques,” SGA 
4 l/2, Springer Lecture Notes in Mathematics, Vol. 459, Springer, Berlin, 1978. 
19. E. ARTIN, “Algebraic Numbers and Algebraic Functions,” Gordon and Breach, New 
York, 1967. 
20. V. D. GOPPA, Codes on algebraic curves, Sov. Math. Doklady 24 (1981) 17&172. 
21. V. D. GoPPA, Algebraic-geometric codes, Math. USSR Izu. 21 (1983), 75-91. 
22. V. D. GOPPA, Codes and information, Russ. Math. Surveys 39 (1984), 87-141. 
23. M. A. TSFASMAN, S. G. VLADUT, AND TH. ZINK, Modular curves, Shimura curves and 
Goppa codes, better than Varshamov-Gilbert bound, Math. Nachr. 104 (1982), 13-28. 
24. J. H. VAN LINT AND T. A. SPRINGER, Generalized Reed-Solomon codes from algebraic 
geometry, IEEE Trans. Inform. Theory IT-33 (3) (1987), 305-309. 
25. J. H. VAN LINT, “Algebraic Geometric Codes,” preprint. 
26. J. W. P. HIRSCHFELD, Linear codes and algebraic curves, in “Geometrical Combinatorics” 
(F. C. Holroyd and R. J. Wilson, Eds.), Pitman, Boston, MA, 1984. 
27. GILLES LACHAUD, “Artin-Schreier Curves, Exponential Sums and Coding Theory,” 
Workshop on Applications of Algebraic Geometry, Puerto Rico, Jan. 1990. 
28. GILLES LACHAIJD, Artin-Schreier curves, exponential sums, and the Carlitz-Uchiyama 
bound for geometric codes, J. Number Theory 39, No. 1 (1991). 
29. P. DELSARTE, On subfield subcodes of Reed-Solomon codes, IEEE Trans. Inform. Theory 
21 (1975) 575-576. 
